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We give an asymptotically sharp estimate for the error term of the maximum number of unit 
distances determined by n points in R d, d _> 4. We also give asymptotically tight upper bounds on 
the total number of occurrences of the "favourite" distances from n points in R d, d _> 4. Related 
results are proved for distances determined by n disjoint compact convex sets in R 2. 

1. U n i t  d i s t a n c e s  

Given  a set  X = { x l , . . .  ,xn} of n po in t s  in R d, let  f ( X )  deno te  the  number  of 
pairs  {xi, x j}  whose Euc l idean  d i s tances  ]lxi - xj] I = 1. Let  

fd (n )  = m a x  f ( X ) .  
X C R  d 
IXl<n 

In o the r  words,  fd(n) is the  m a x i m u m  n u m b e r  of uni t  d i s tances  de t e rmine d  by n 
points  in d -d imens iona l  Euc l idean  space.  Clearly,  f l(n) = n - 1, bu t  it  seems to be  
very difficult to  f ind even the  r ight  o rder  of m a g n i t u d e  of  f2(n) and  f3(n). The  bes t  
known b o u n d s  

nl+(c/log Iogn) < f~(n) < cln 41a, 

cn a/a log log n < fa(n) < na/2~(n) 

are due  to  ErdSs  [8], Spencer  - Szemer~di  - T ro t t e r  [16], E rd6s  [9] and  Cla rkson  - 
Ede l sb runner  - Gu ibas  - Shar i r  - Welzl  [6], respect ively.  (f~(n) is closely re la ted  to  
the  inverse of  A c k e r m a n n ' s  funct ion,  and  grows ex t r eme ly  slowly.) 

However,  t he  a s y m p t o t i c  behav iou r  of  fd(n) is fa i r ly  well known for d >_ 4. Erd6s  
[9,10] showed t h a t  in th is  case 

fd(n)-----~ 1 Ld72J +~ 
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with some very small constant ad > 0. Moreover, he proved that ,  if d k 4 is even, 
then the error term is linear in n. In the same paper, writ ten more than twenty ycars 
ago, ErdOs complained that  he was unable to decide whether 

n 2 (  Ld/2J 1 ) fd(n) = -~- 1 +O(n) 

holds for every fixed d _> 4. Our next theorem answers this question in the negative. 

Theorem 1. Given any odd d > 5, there exist Cd, c~ > 0 such that for every sufficiently 
large n 

1 + cdn 4/3 < fd(n) < 1 ld~2 j + Jdn "/3. 

Proof.  First we establish the lower bound. Let d = 2r + 1, and fix r mutual ly 
orthogonal subspaces F1 . . . .  , Fr C_ R d (through the origin 0) such that  dimF1 = 3, 
dimFi = 2 for all 2 < i < r. Let $1 C F1 and Ci C Fi, 2 < i < r denote the sphere 
of radius l/v/-2 and the circle of radius 1/v/2 centered at 0, respectively. 

One can choose a set 1/1 of m = In~r] points on $1 so that  they determine at 
least 7m4/3 unit distances. To see this, observe tha t  x, y E $1 are at distance 1 if and 
only if the corresponding vectors are perpendicular to each other. Let P c_ F1 be a 
2-dimensional plane not containing 0. According to an old construction due to Erd6s 
(see e.g. [7]), one can pick Lm/2J points and [m/21 straight lines in P such that  
the total  number of incidences between them is at least 7 m  4/3 (for some absolute 
constant 7 > 0). To each point p of this system we assign a vector xp E FI of length 
1 /V~ pointing from 0 towards p. To each line ~ of this system we assign a vector 
y, E F~ of length 1 / v ~  orthogonal to the plane spanned by ~ and 0. Obviously, Xp is 
perpendicular to y, whenever p E 6. Thus, the points Xp, y,  E S~ determine at least 

7 m  4/3 unit distances. 
For any other i (2 < i < r),  let V/denote an arbi t rary m = [n/rJ element subset 

of Ci. Any two points belonging to different V/'s are at distance 1 from each other, 
hence the total  number of unit distances determined by X = V1 O . . .  U Vr, 

f ( x )  >__ m 2 + 7 m  4/3 >_ - ~  1 -- + Cd n4/3. 

Next we show the upper  bound. Let us fix an n-element subset X _ R 2r+1, 
and let G denote the graph whose vertex set is X,  with two vertices x, y E X being 
joined by an edge whenever I]x - yll = 1. It  is well known (see [9]) and can readily 
be checked that  Kr+l(3)  ~Z G, i.e., G does not contain a complete (r + 1)-partite 
subgraph with 3 points in each of its classes. Thus, we can apply to G the following 
result of Bol lob~  - ErdSs - Simonovits - Szemer6di [3] (see also [2]). 

Lemma 2. Let r be a fixed natural number, e > O. Then there exists a constant Ce,r 
with the property that the vertex set of every graph G with n vertices and at least 
n 2 (1 - 1 / r ) / 2  edges satisfying Kr+l(3)  f[= G can be partitioned into r almost equal 
classes 

V(G) V, u . . .  u VT, IY~l = - < e n  ( l < i < r )  
r 
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such that, with the exception of at most C~,r points, every point of G has at most en 
neighbours in its own class and is connected to all but at most en points in the other 
classes. 

Suppose that  n is sufficiently large, ~ < 1/(lOr), and apply the lemma to the unit 
distance graph G defined above. For any i, let V/' denote the set of nonexceptional 

elements of 11/, i.e., the set of points connected to all but at most en points of ~J  vj: 
jr  

We claim that  17/t is contained in some sphere Si of a 3-dimensional flat Fi c R 2r+1, 
l < i < r .  

It suffices to prove that  any 5 points of V/t, say, are eospherical, i.e., lie on the 
boundary of the same 3-dimensional ball. Pick any x u , . . . ,  Xls E 1Ill. We can choose 
recursivelyxjk �9 Vj (2 < j  < r, 1_< k_< 3) such that  I]Xjk--Xi~ll ---- 1 whenever 

i • j .  Let Cj denote the circle determined by Xjl,Xj2,xj3 (2 ~ j < r). Evidently, all 
of these circles must have the same centre c, and span mutually orthogonal planes 
F2 , . . . ,  Ft .  This, in turn, implies that x n , . . . ,  x15 are contained in the 3-dimensional 
flat F1 passing through C and orthogonal to all Fj (2 < j < r). In view of the fact 
that x n , . . . , x 1 5  are equidistant from x:l ,  we obtain that  they are cospherical, as 
required. 

On the other hand, let f~ (m)  denote the number of times the same distance 
can occur among m cospherical points. It follows by the methods of a recent paper 
of Clarkson - Edelsbrunner - Guibas - Sharir - Welzl ([6], cf. also [11]) that  there 
exists a constant ~ such that  f~ (m) <_ 5m 4/3 for any m. Thus 

f ( x )  < IV{liV 'l + f '(IV{I) + O(n) 
l<i<j<r l _ < i< r  

<_ -~- 1 - + r$n 4/a + O(n),  

which proves the upper bound in Theorem 1. | 

Remark. With a little extra care, the above argument also yields that ,  if 
lim f ~ ( n ) / n  4/3 exists, then so does 

fd(n)  -- ~-  1 [d]2J 
lim > 0 

n--..~oo ,//4/3 

for every odd d >__ 5. 

2. F a v o u r i t e  d i s t a n c e s  

In [1] we investigated the following problem. Let X = { x l , . . .  , xn}  be a set of 
n points in R d, and let r i denote the radius of a sphere around xi containing the 
maximum number of elements of X. In what .follows, r i is called a ]avourite distance 
from xi, and t i denotes the number of occurrences of this distance, i.e., 

t i  = l i x j :  IIxj - x ll = r j I ,  1 < i < n .  
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We want to estimate 

Fd(n) = max E ti. 
x cRd i=1 IXl<,~ 

Using the notation of the previous section, we obviously have that  Fd(n ) > 
2fd(n ) for all d and n. In particular, for any fixed d > 2, 

( Fd(n ) >__ n 2 1 [d/2] 

In [1] we showed that  this bound is asymptotically tight in any even dimensional 
space. Here we are going to present a proof that  works for all d. 

Theorem 3. Given any d >_ 4, 

( 1 
F d ( n ) = n  2 1 Ld/2J 

while n tends to infinity. 

Proof. We have to establish only the upper bound. Let X = { x l , . . . ,  Xn} C_ R d, and 
let r i denote a favourite distance from xi. Define a directed graph G on the vertex 
set V(G)  = X such that  there is a directed edge from xi to xj ,  

x ix j  E E(G)  r162 Ilxi - xjl I -~ r i. 

Note that  it can happen that  both xix)  and xjx~ are edges of G.  Clearly, 

n 

IE( )l = ti. 
i = l  

Given any directed graph K and any natural number s, let K ( s )  denote the 

directed graph obtained by replacing each vertex of K with a class of s independent 
points, and joining two points in different classes by an edge if and only if the 

corresponding vertices of K are connected in the same way. 

Lemma 4. Let K[d/~j+ 1 be a tournament with [d/2J + 1 vertices, and assume that 

the indegree o] each vertex is at least 1. Then KLd/2j+I(3 ) ~= G.  

Proof. Suppose this is false. Then each class of KLd/2 j +1 (3) consists of 3 noncollinear 
points, and the planes spanned by them must be mutually orthogonal. This would 
imply that  the dimension of the whole space is at least 2 (Ld/2J + 1) > d + 1, a 
contradiction. | 

Given any directed graph K ,  let ex(n, K )  denote the maximum number of edges 

of a directed graph with n vertices containing no subgraph isomorphic to K .  The 
following result was proved by Brown - Harary [4], who initiated the investigation 
of Tur in - type  extremai questions for directed graphs. 
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L em ma 5. For any tournament Kp+l with p + 1 vertices, and for any natural num- 
ber n, 

where q denotes the remainder of n upon division by p. I 

To see that  ex(n, Kp+l) is at least as large as the expression on the right-hand 
side, take a complete (undirected) p-partite graph of n vertices, whose classes are as 
equal as possible, and replace each of its edges by two oriented edges, one in each 
direction. 

Finally, we need a result of Brown - Simonovits [5], that  can be regarded as a 
directed version of the Erd6s - Stone theorem [12]. 

----b 

Lemma 6. Given any directed graph K and any natural number s, 

ex(n, ~ ( s ) )  -- ex(n, ~ )  + o(n2). | 

Combining the lemmata above, we obtain that  if KLd/2 j +1 is a tournament whose 
no vertex has indegree 0, then 

fd (n  ) = max IE(~') I  < ex(n, K'Ld/.,j+,(3)) 

_~ ex(n, ~L4/2J+l) + ~ = n~ (1 - 
\ 

, ) 
Ld/2J + o(1) . | | 

For d = 2 and 3, the best currently known upper bounds were established in [6]: 

3. D i s t a n c e s  b e t w e e n  c o n v e x  s e t s  

The distance of two sets C, D C R d is defined by 

6(C,D) = inf I l c -  dl]. 
c E C  
d6D 

Given a family of pairwise disjoint compact convex sets C1,... ,Cn CC R d, let 
h(C1,... ,  Cn) denote the number of pairs {Ci, Cj} whose distance 
~(Ci, Cj) = 1. Let 

hd(n ) = max h(C1,.. . ,  Cn), 
c, ,...,c,, c_l~ 

i.e., the maximum number of unit distances determined by n disjoint compact convex 
sets in Euclidean d-space. The function hT(n) is defined simlarly, except that  now 
the maximum is taken over all families {C1, . . . ,  Cn} whose members are translates 
of each other. 
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With the notation of Section 1, we obviously have that  

hd(n ) >_ hT(n) > fd(n)  (Vd Vn). 

However, we conjecture that  already in the plane (d = 2) hT(n)  can be much larger 
than  fd(n).  In particular, we propose the following 

Conjecture. There exists an absolute constant c > 0 such that  hT(n) > n ~+~ for 
every sufficiently large n. 

Theorem 7. (i) h2(n) = O(nT/~), 
(ii) hT(n)  = 0(n4/3), 

Proof. Let {C1,. �9 �9 Cn} be a system of pairwise disjoint compact convex sets in the 
plane. Denote by G the undirected graph on the vertex set C(G) = {C1, . . . ,  Cn}, 
where Ci and Cj are connected by an edge whenever 5(C/, Cj) = 1. 

Let D denote the closed unit disk, and let + stand for the Minkowski sum. 
i i touch each other. We Clearly, 5(Ci, Cj) = 1 if and only if Ci + -~D and Cj + 5D 

shall make use of the following assertion from [13]. 

1 Lemma 8. For any two integers i ~ j ,  the convex curves bounding Ci + ~D and 
1 Cj + ~D have at most 2 points in common. | 

Lemma 9. G has no subgraph isomorphic to K2(3) - -  a complete bipartite graph with 
3 vertices in each of its classes. 

Proof. Assume that  the lemma is false, and, say, C1, C2, C3 and C4, C5, C6 are the 
1 Then l i two classes o f a g 2 ( 3 ) .  Put  C~ = C i + 5 0 .  C 1 U C  2UC~ and C I U C ~ U C ~  

have no interior points in common. By Lemma 8, R 2 - (C; u C~ u C~) has at most 2 
connected components,  and it is not difficult to see that  at least one of them must 
contain 2 sets C~ and C~ (for some 4 < i < j < 6) having more than 2 boundary 
points in common, a contradiction. The details are left to the reader, l 

Similarly, we can easily establish 

Lemma 10. I f  C1 , . . . ,  Cn are translates of the same compact convex set, then G does 
not have a complete bipartite subgraph /(2(2, 3) with 2 vertices in one of its classes 
and 3 in the other one. 

Thus, the following well-known result of K6v~ri - S6s - Turs [14] and Erd6s 
can be applied. 

Lemma 11. Let s >_ r be fixed natural numbers. Then there exists a constant cr such 
that any graph with n vertices, containing no subgraph isomorphic to K2(r, s), has 
at most crn 2-(1/r) edges. | 

Hence, we obtain (i) h2(n) = 0(n5/3), (ii) hT(n) = 0(n3/2). Using these bounds, 
the random sampling technique developed in [6] established the sharpdr ~ estimates in 
the theorem. I I 
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4. O p e n  p r o b l e m s  

In this field it is very easy to raise questions which are extremely difficult to 
answer. We close this paper by proposing a couple of problems that  are perhaps not 
completely hopeless. 

Problem 1. Given a set X = { x l , . . . , x n }  of n points in R d, let t ( X )  denote the 
number of distinct distances determined by X. Let td(n ) = min t (X) ,  where the 
minimum is taken over all n-element point sets X in R d which do not contain an 
isosceles triangle, i.e., I[xi - x j l  I • Hxi - Xhl I (Vi ~ j ~ h). Is it true that 
(i) l i %  t d (n ) / n  = ~ for every fixed dimension d? 

(ii) l i %  td+ l (n ) / t d (n  ) ---- 0 for every fixed d? 

Problem 2. Let X l , . . . ,  xn be n distinct points in the plane in general position (no 
3 on a line, no 4 on a circle). Denote by t (xi)  the number of distinct distances from 
xl. Clearly, t (xi)  >_ (n - 1)/3 for every i. Does there exist a positive e such that  

(i) l<i<nmax t(xi)  > ( 3  

provided that  n is sufficiently large? 
Assume further that  any circle around a point xi contains at most 2 other xj 's .  

Is it then true that  

(iii) max t (xi)  = (1 - o(1)) n, 
l<_i<_n 

or at least 

(iv) 
L 

for some E > 07 

Problem 3. Let Td(n ) denote the minimum number of distinct distances deter- 
mined by n points in R d. : Given two n-element point sets X = ( X l , . . . , x n } ,  
Y = { y l , . . . ,  yn} in R d, let T ( X ,  Y )  denote the number of distinct distances H x l - y j  II, 
and put T~ip(n) :- ~i~. T ( X ,  Y) .  (Here "bip" stands for bipartite.) Prove or disprove 

that 

lim T~ip(n) ----- 0 
Td(n) 

for d -- 2 or 3. For d _> 4 this obviously follows from the construction of Lenz. 

Problem 4. Let x i , . . . ,  xn  be n distinct poins in the plane, and let dmln = dl < d2 < 
�9 .. < dk :- dmax denote the distinct distances determined by them. Assume that  d i 
occurs si times. Prove or disprove 

(i) SmlnSm~ g 9n2 + o(n2). 



268 v. ERD0S, J. PACIt 

This  inequality, if true,  cannot  bedmproved ,  as is shown by an easy  cons t ruc t ion  of 
E. Makai,  Jr.  I t  is not  difficult to prove t ha t  

(ii) Stain + S~.~ ~ 3n  -- cv/'n + o(yrn)  

for some c > 0. De te rmine  the best  possible value of the  cons tan t  c. Is it t rue  tha t  

(iii) Smln _< 3n - 2 m  + o(vZn), 

where m denotes  the  n u m b e r  of  vertices of  the  convex hull of { x l , . . . , X n } ?  Note  
tha t  (i) can readily be  deduced f rom (iii)., 

The  odd  regular  polygon shows tha t  i t  is feasible t h a t  every si is a t  least n. Can 
it h a p p e n  tha t  

(iv) rain si > n + 1 
l~i<k --  

for some choice of the xi? I t  is well-known t h a t  S ~ x  _< m < n. 
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